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Users drive selfishly

Route choice models

e User equilibrium (natural)
o All occupied routes have same travel time
o QOveruse of shortest routes can cause congestion and
delays
o Suboptimal total travel time forsociety

e Social equilibrium (controlled)
o Optimal total travel time
o Some drivers may experience longer travel times than
others

HOW TO DRIVE ROUTE CHOICE FROM UE->SO?



Approach: Partial Control

e Assume most drivers drive according to UE
e Assume a fraction aof drivers will have

routes chosen by central controller:
o Uncontrolled drivers may have to pay tax
o Or controlled drivers receive some incentive.



Freeway corridor
ﬁ E Maple St

Orange Grove Blvd

/ (e et Ae) \ W Foothill Blvd

@ Colorado Blvd Hunt
Corson St {F={}
alnut St a
| %
S <9
< o S
\0“0 ? © C<
o RN
\A\)“ - S Ave 4
o Live s
g ~
Freeway 1210 @ a5 Tunas Dr
o
Overused, congested,

incident

o



Freeway corridor

ﬁ E Maple St
Alternative corridors,

can reroute users to

Orange Grove Blvd H excess capacity.

W Foothill Bivd

134

Colorado Blvd

Corson St

alnut St

0(

Baldwin
Santa Anita
Ave

o™
\A\) “{\(\g\

(o

Freeway 1210

Live oaks B2

L~ a5 Tunas D

Rosemead Blvd

Overused, congested,
incident

o



Choosing optimal split

ratios

g mmm N EEE E EEE O B o o g
-—‘_ --~.

(1-a)F a(1-B_c) F
(1-a)(1-B_nc) F



e |n static case (equilibria behavior):
o How to compute Nash behavior for vehicular traffic?
m Equilibria on horizontal queueing networks.
o How will non-compliant drivers respond to partial
compliance?
m Stackelberg games.

e In dynamic case:
o How to choose compliant split ratios effectively?
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Optimization of a PDE-constrained system

Optimization of a PDE-constrained system
Optimization problem

minimize, ey C(x, u)
subject to H(x,u) =0

» x € X C R": state variables

» uc U CR™: control variables

C: XA xU—-R
(x,u) — C(x,u)

H: X xU—R™
(x, u) — H(x, u)

Want to do gradient descent. How to compute the gradient?
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Example: linear system

Example: linear system

Discrete linear dynamics

Xt_|_1:AXt—|—BUt, tE{O,,T—l}

with initial condition xp.
Let
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Example: linear system

Example: linear system

Axo + Bug
Ax; + Bu

Axt_1+ But_1

0 B -AXO-

A - 0

— X + u -+ .
i A 0 ] B | -0

Can be written as ) )
(A—Dx+Bu+c=0

Note: (A — /) is invertible (lower triangular, with —1 on diagonal). Good:
system is deterministic!
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Example: linear system

Example: linear system

Linear system

Hx+ H,u+c=0

» x € R” state

» u & R™ control, with m <n
» H, € R™" assume invertible
» H, € RMxm

» cc R”

want to minimize linear cost function

minimize,cyy Cx + Cuu

subject to Hx+ H,u+c=0

C, € RY™ ™ and C, € RX™ are given row vectors.
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Example: linear system

Example: linear system

Optimization problem

minimize,cyy Cx + Cyu
subject to Hx+ H,u+c=20

An equivalent problem is
minimize,eyy — CeHZ *(Hyu + ¢) + Cuu

and the gradient is
Gradient

V.C=—-CH  'H,+ C,
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Example: linear system

Example: linear system
Gradient

V.C =—CH.*H, + C,

Two ways to compute the first term

Forward Adjoint

CM ,XTfﬂ,

HXM:_HU )\THX:_CX

nxm, . .
Solve for M € R"™: m inversions Solve for \ € R”: 1 inversion

MM oo | M = [ Ho o [ Fu ] iy o
Cost O(mn?). | Cost O(n?).
Then product 1 x n times nx m: O(nm) Then product 1 x n times n x m:

O(nm)
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Solving the original problem

Optimization of a PDE-constrained system

General problem Linear system
minimize,cyy  C(x, u) minimize,cyy  Cex + Cuu
subject to H(x,u) =0 subject to Hix+ H,u+c=0
v,C =2y x4 2 V.C=GM+C,
Ox ou

On trajectories, H(x,u) = 0 con-
stant, thus V,H =0
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Solving the original problem

Optimization of a PDE-constrained system

General problem Linear system
minimize,cyy  C(x, u) minimize,cyy  Cex + Cuu
subject to H(x,u) =0 subject to Hix+ H,u+c=0
v,C =2y x4 2 V.C=GM+C,
Ox ou

On trajectories, H(x,u) = 0 con-
stant, thus V,H =0

OHo L OoH _y H M = —H,
Ox ou
Instead, solve for \ € R”
Adjoint
HI\=-¢]
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Optimization of a PDE-constrained system

General problem

minimize,cyy  C(x, u)

subject to H(x,u) =0

0C 0C
VuC = 5Vt 54

On trajectories, H(x,u) = 0 con-
stant, thus V,H =0

oH oH
ax VXt g, =0
Adjoint
oH'", _ _0C
18)% OXx

Linear system

minimize,cy

Cx + Cyu

subject to Hx+ Hyu+c=20
VUC — CXM ‘|‘ Cu
HM = —H,

Instead, solve for \ € R”

Adjoint
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Solving the original problem

Computing V,C(x, u)

Want to evaluate

a—CVL,X

Ox
where a—HVux + 8_H —
ou

Ox 0
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Solving the original problem

Computing V,C(x, u)

Want to evaluate

C
8V

Ox
oH 8H
where av i 0

If X is solution to the adjoint equation

0C  \rOH _

8X Ox 0
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Solving the original problem

Computing V,C(x, u)

Want to evaluate

oC
ax

OH oOH
where &VUX 8u =0

If X is solution to the adjoint equation

8X + 2 Ox =0
Then oC OH OH
ot N\ T NT
Ox VX = =2 Ox x V= A Ou
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Solving the original problem

Adjoint solution A

Ao + ¢

VuC = ou ' Ou
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Discrete adjoint method
[_JeleJe)

Optimization algorithm using adjoint

Optimization algorithm

Algorithm 1 Gradient descent loop

Pick initial control u™
while not converged do
x = forwardSim(u, IC, BC) solve for state trajectory (forward
system)
A = adjointSIn(x, u) solve for adjoint parameters (adjoint system)
Au=V,C= )\T%’Z + ‘gg Compute the gradient (search direction)
u<+ u—+ tAu update u using line search along Au

end while
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Optimization algorithm using adjoint

| ine search

Example 1: decreasing step size
t(k) — t(l)/k

Example 2: backtracking line-search
» fix parameters 0 < a<0.l1and0< g <1

> given search direction Au

Algorithm 2 Backtracking line search
while C(u + tAu) — C(u) > a(V,C) " (tAu) do
t < Ot
end while
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Optimization algorithm using adjoint

Other descent methods

» General purpose nonlinear solvers.
» fmincon
> Ipopt
» Attempt to find global solutions, rather than terminating in a local
minima.

» Often use quasi-Newton methods to estimate second-order
information.
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Optimization algorithm using adjoint

Constraints on control

What if there are physical constraints on the permissible control values u?
Umin S u S Umax (1)

Barrier functions

C (p,d,e) = C(p,u) - EZ log ((Umax — u) (U — Umin)) (2)

uceu

Then have e € R™ tend to zero.
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Hyperbolic PDE’s and Riemann problems
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Hyperbolic PDE's

A conservation law in one space dimension can written in the form:

pt + f (p)x =0 (3)

A Cauchy problem specifies an initial condition:

pt _|_ f (p)x — O
0(0x) = po(x) )
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Riemann problem

Define a Riemann problem as a Cauchy problem:

{pt +f(p),
p (0, x)

0
p(x)

(5)

where:

Ry
<
|
" N—
e
I
X X
AVARWAN
X

X
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Network description
Consider a network of hyperbolic PDE's (Z,.7)

» / €7 a link with dynamics according to PDE.
» J € J a junction with incoming links Inc(J), outgoing links Out(J).

Inc(J) Out(J)

X0

Boundary conditions at junctions?
25/ 67
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Riemann problem at junction

For a junction J, let each link i € Inc(J) U Out(J) have constant IC
0
pPi € PJ-

IIIC(J) Out(J)

P1 : @
P4

26 / 67
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Define a Riemann Solver RS:

RS : RN — R™
(1, Pim) > RS (Bry- s Bnsm) = (P1s- - )

where p; provides the trace for link i for t > 0.

IIIC(J) Ou_t(])

AL @
P4|/04
psps

p3|ps3
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Define a Riemann Solver RS:

RS : R+ — R™"
(P13 Pntm) = RS(P1y- - Pnem) = (P15 Pnim)

where p; provides the trace for link i for t > 0.

» Consider a specific link

IHC(J) Out(])

ﬁ4|ﬁ4\;
s
p3|ps

28 /67
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Define a Riemann Solver RS:
RS : RM+n — RMTN
(F1r- s Pmsm) > RS (s Brsm) = (P« - Prsom)

where p; provides the trace for link i for t > 0.

» Consider a specific link

Pi pi

Link 7

>

P Q Junction [

29 /67
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Conditions on Riemann solver

» Self-similar

RS (RS (1517 K 7,5n—|—m)) = RS (1517 s 7ﬁn+m) — (:617 s 7ﬁn+m)
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Conditions on Riemann solver

» Self-similar

RS (RS (1517 K 7,5n—l—m)) = RS (:517 s 7ﬁn+m) — (:617 s 7ﬁn+m)

» All shockwaves must emanate outward from junction

t] ﬁq:/;j\zQ

Link 7
>©Junction J
tT \
. PNPi
Link 7
>QJunction J

31 /67



Discrete adjoint method hyper. pde’s pde network godunov network adjoint Ramp metering
O000000000000 00000000 0000

Conditions on Riemann solver

» Self-similar

RS(RS (:517 e 7:5n—i—m)) = RS (:517 s 7ﬁn—|—m) — (:617 s 7//)\n—|—m)

» All shockwaves must emanate outward from junction

t] /57;/57;

: xT
Link 7 P
>‘\>Junction J
tI \ A
. PNPi
Link ¢
>©Junction J

» Conservation of mass

o) = D>, fp)

i€lnc(J) J€Out(J)
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Discretizing single system

Discretizing via Godunov method

» Cannot represent (or not practical to represent) continuous function
on computer.

» Approximate solution by discretizing space and time.

» Solve for vector of discrete variables.

Godunov's scheme (high level)

1. Split system in discrete chunks of size Ax.
2. Approximate |C by averaging over Ax.

3. Find exact sIn of system by solving Riemann problems at discretized
boundaries for At time.

4. Approximate new sln by averaging over Ax.

5. Set IC as new sIn and go to step 3.
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Discretizing single system

rarefaction shock
\ ;//\ n+l
I | t
1 | 1
| |
| |
1 1
| |
| |
| |
| |
| |
| |
1 ﬂ 1
Ul u;l .
I l t
XpL Xpl2o X
CONTNUDS solution
discrete solution / LT T T
7T ’/ I—EE-\_

z’ - \\k .-ff : \\

S . .
I - : =
: N 1 -~
| . | | . |
Y

I ! | ! | ! |
X1 X X+l Xi42

Godunov’s scheme: local solutions of Riemann problems

Figure: credit: http://www.uv.es/astrorela/simulacionnumerica/node34.html|
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Discretizing single system

Derivation of Godunov's method

Take a discrete initial condition p®. We want pJ-At, the average value at
cell j at time At:

~ Ax

X.
J_

1 X'—i-l
Aol A (6)
where p2(At, x) is an exact solution of the Cauchy problem with initial

condition p2.
This requires solution of p(x, t) over [x;_1,x;,1] x [0, At].

. _ «

(N . 1 SN 1 )
-3 73 Ti— Vj+s TLo-f TLits
. s — 1 e b ‘ .
Link p Link ¢

U i k P
~~~~ s\ng‘ \_’)1 & L o P

JD Link 4 \ JU ‘
AP/I Ar o Ar . Aa I\q/‘

2

- ~
e ~
e ~
e ~
- ~
” ~s
- ~

(a) Space discretization for a link i € Z
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Discretizing single system

But since Riemann problems are self-similar, fluxes across boundaries are
constant:

1)) = F(Wg(0; p%, pk.1)).

2

f(p(ta X_j—}—

f(p(t,xj_%)) = f(Wr(0; PJI'(—1>PJI'<))-

Riemann problem

where f (u (-,a;jJr%))
= Wg (0: 95, P} 11)

4
‘\ W (a; 0}, 0} 1)

k
Pj+1

> T

Discretized link 2

| near xj—l—%
k k
P ‘ Pj+1
- } J i It } >
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Discretizing single system

At
PJI-(H = PJI-( - B(gc(pj-‘,pﬁrl) - gG(p_j'(—]_? lef))a (7)

where g€ is the numerical flux:

G .
g% (pjspj11) = F(Wr(0; pj, pj11))
No longer depends on solution of continuous function.

Riemann problem

y Wheref(u (-,:cj+%))
= Wa (0: 9 1)

4
‘\ Wr (a; 0, 05 11)

Wr (05 9§, 1)

\ k
p \\\\ // p .
- J g+l >
T = 0
‘ Discretized link 1
‘ near r;, 1
k k
- = J b gt >,
Ti-5  Ti+s Ti+3
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Discretizing PDE network

Solving for Godunov flux easy for 1-to-1 junctions. What about n-to-m?

P1 P2 P3

g% (p1,p2) 9% (pa,p3)  g%(p3, 777)
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Discretizing PDE network

Solving for Godunov flux easy for 1-to-1 junctions. What about n-to-m?

/J\/

9%(p1,p2) 9% (p2s p3) gG(Psyﬁs)«

P1 P2 P3

» Apply Riemann solver at junction

» Use Riemann solution as boundary condition for g€ at junction.
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Discretizing PDE network

Summary of Godunov scheme for PDE networks

Algorithm 3 Riemann solver update procedure

Input: initial state at time t = kAt, (pf:iEI)
Output: resulting state at time t=(k+1))At, (pf.(Jrl:iEI)

for junction J € J:
# Apply Riemann solver to J
7 = R (7%)
for link /i€Z:
# update density on link / with junction fluxes

At - —
k+1 _ Kk ~k ~k
=t =g (%)) - ((3))
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Discretizing PDE network

Summary of Godunov scheme for PDE networks

Or by using the flux solution directly...

Algorithm 4 Godunov junction flux update procedure

Input: initial state at time t = kAt, (pf:iEI)
Output: resulting state at time t=(k+1))At, (pf.(Jrl:iEI)

for link /1€Zl:
# update density on 1link / with direct Godonuv
fluxes

At
i =ot = (55 (%), - (o5 (7))
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PDE with control

Modify formulation to include

> state vector 7 € RNT
» control vector i € RMT

> (uj}, e uﬁv,J> € R™ modifies Riemann problem at J for time k.

RS;: RMT™ xR™  — RMT™
—k =k —k ok ~k
(pJ7 UJ) — RS, (PJ> UJ) = PJ
» M are the number of control parameters at each time-step.

Updated discrete state equations:

L _ At _
hE(pa) = pf—pf Tt 5 (g (P ds)).
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Optimization problem

Optimization Problem

min  C (g,
subject to:  H (p, i) = (9)
Review: adjoint method
d;C(p',i") = A" Hz + Cy (10)
where
Ty __ T
HIA=—C] (11)
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Assume initial & and state g where H (p, i) = 0.

What needs to be computed for adjoint method?

» C; Cy: Problem specific, no sparsity assumptions.
> Hpz, Hy: can analyze properties of PDE networks and Godunov
scheme to:

» derive partial derivative expressions
» understand sparsity

46 / 67
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Partial derivates of state equations

Hj
By chain rule:

£ op

8pJ’- B 3,01’- (‘9,0]’-

At (0 G (-1 %-1)) 0 ( G (—»k 1 —»k—l))
Li (apj (ng_D (inD 7uJiD ; apj gJ'_U ,OJU , JU ,'

> Only require knowledge of partial derivatives on Godunov fluxes g©.

> 6p (gJD (,5’5.31, _'5‘51)); — QO unless | = k — 1.

Ohx  dpk

> o0l (gJD (ﬁ’le, *5‘,;1))_ — 0 unless j is downstream of /.
I

» Similar results for JV.
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Partial derivates of state equations
Hj

» Only require knowledge of partial derivatives on Godunov fluxes g©.

- 2 (ng (ﬁj_,;l, Jj,;l)) — 0 unless | = k — 1.

I

> a%’. (gfo (,5'551, Jjgl))l = 0 unless j is downstream of /.
J ] i i

» Similar results for J,-U.

Thus each partial term is zero unless variable is from previous time-step
and adjacent to constraint link (or i = and | = k.
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Pl Pl pe
i e —
| s | .
o TN h
3 hl
1 2
i
hf ]Vhfi___T ...............
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, pIT—3
| *
. T—2
7777777777777777777777777777777 1 S h* I
hT—q o pT-1
(b) Ordering of the partial derivative (c) Sparsity structure of the Hz matrix.
terms. Constraints and state variables Besides the diagonal blocks, which are
are clustered first by time, and then by identity matrices, blocks where
cell index. | # k — 1 are zero.

Figure: Structure of the Hz matrix.
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Partial derivates of state equations

H

By chain rule:

Ohf At [ 0 [ G (41 k-1 O ( 6 (-1 -1
aul L \ oul (gJiD ('OJ,-D e )), - ou! (gJiU (pJ;U H )),
! J

J

Similar arguments to Hj give us that each partial term above is zero
unless control variable u} is from same time-step and in

k k k k
J; J i J; _I i
Y JP
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complexity

Complexity of solving gradient
Solving adjoint system

T T
From previous result, Hz has following properties:

> size TN x TN

> lower triangular
» card Hp—* = O(NTDﬁ) Dﬁ = MaXjec 7 (nJ + mJ)

Efficiently solve A via backward-substitution in time O(TND3), or linear
in TN.
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complexity

Complexity of solving gradient
Solving VC

VC =N H; + G (14)
From previous result, Hz has following properties:

> size TN x TM
» card H; = O(TNDL—,*)Z Dz = maXUEUZJeJ:UGE’fj (nJ + m_j)

Sparse matrix multiplication has total cost O( TMD;).
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complexity

Dﬁ:HGACPxﬁxdEC?H:5 Dﬁ:HARAmeJiLEEFszﬁ
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complexity

Complexity of solving gradient

Total complexity of computing gradient via discrete adjoint

O(T (DzN + DzM))
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Godunov discretization

Discretizing single system

Discretizing PDE network

Adjoint method applied to PDE networks
Complexity analysis of adjoint method

Ramp metering
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Discrete adjoint method applied to ramp metering

J;Dz'—l = J2D(i—1) = lei J2DJ\(;WI1

I =5 Iy =Jy = Jy
e > e N \
k k k
1 P2 4 . P Pz(z R 4 e P2; PzN
k& k& \ o
pl s"‘ku
Uy

B e P B
u§ ﬁ§ 4 2i— 11;2 52(Z 1 521\7 4
71—

» For a junction J2_ Jz(, 1) = J5: at time-step
ke{0,..., T —1}.

» Upstream mainline density: p’z‘(i_l).

» Downstream mainline density: p5;.

» Onramp density: p5;_;

» Offramp split ratio: 55(1._1)
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Governing Equations

Mainline equations
L _ At _ _
héi(ﬂ? 0)= ps— 1012<i ' +o (g2ki,D1 - gzki,ul) =0

Onramp equations

At
- - k k—1 k—1 k—1
hgi—l(pa U) = pai_1— Pri_q Loi 1 (g2i—1,D Dzi—l) =0
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Flux solutions

By = min (vagoayshay, P ) (15)
o5 = min (wy; (05 — p5;) , F3i™) (16)

. L2 max
d2ki—1 = Ugi—l m'”( At ,0/2(;—17/:2,— ) (17)
gzki,u = min (52(, 1)52(, 1)+d2ki—1a(7§i) (18)

e
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Flux solutions

5§(i—1) = min (V2(I—1)102(I—1)7 2n(1,afl)) (19)
o3 = min (wai (P57 — ,02,> F2i™) (20)
. Loj—1 max
d2ki—1 = Uéi—1 m'”( At :012(i—17F21— ) (21)
gy = min (52(, 1051y + d2ki—170-§i) (22)
k

P2(i—1)82j,u F~ 1

52(,_1) N T I 52(,—1) C1

k g2i U_dgi—l ggi,U k (O]
82(i-1),D — \ Ky T+pai_1) > dy;_q C2] (23)

P2(i— 1)gz, . I 1

otherwise C3

\ (1—|—p2(,_1))52(,_1) -

k k k
g2ki—1,D = g2i,U_52(i—1)g2(i—1),D
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Partial derivates for adjoint method

_ k . max
852(1 1) _ 2(i—1) 5 = P2(i—1)> lez( 1) < Fz(,_]_)
Os 0 otherwise
k
0oy; _ —wai S = ps;, Wa (Przn,ax — Pé;) < 3
Os 0 otherwise
( k k
od Uzi_1 S = P2i—1> le 1 < P33
N = 4§ min (Péi F;'ix1> S = ”Iz<i—1
\0 otherwise
( a5k adk, .
2(i—1) 2(i—1) k k
Egé(. U = ¢ 52(1—1) Os + Os ’82(1 1)52(1 1) +dyi_q < 03,
Os b 80’ .
L 85 otherwise
k k k
( 852(;-1) 82 UP2(/—1) 52(;-1)
Os 1+p2(l—1) 2(,'_1)
o adk. gk.
7 - — ) 1 0 k . 2i—1 2/,U k _
8sg2(: 1),D —é(,—1 (asgzl,u ~o0s 1+pa(i—1) = da(j—1)
: 2(i—1) %ggi U otherwise
88—y (1+P2(i-1))
EgZi—l,D = a_gZI 32(1—1) 9s 82(i—1),D
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Numerical results

Network
» |15 South in San Diego, CA, USA.
» 19.4 miles.
» 125 discrete links.
» O onramps.
» Scaled flow data from real loop detector data.

[ z =
g £
Ry %-\
= =
£2 ® %8 sg 25 5
i - gc ]
({ o e
1y oo P
B 2 :

v = S a3 (i : |8
oty g T e _ -
if Q?O i [l [

E 4 2 g2 o a e 2. &

EL o xE g B v E 3 3

52 o = ool aEz0LE

=8 a4 gk 55 €53 =

o} = FF =0
¥ = s [
2 o® EE ST & - T =
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Numerical results

Comparative methods

» Adjoint method

» *Finite differences (No gradient information).
> Alinea [1]

» No control

*Finite differences becomes impractical for even very small networks.

100

With gradient I
| — — — Without gradient

|
801

90

70}
60}
50}
40t !

30

Percentage decrease in delay (%)
|
|

20

! !
10 10’ 10° 10°
Computation time (s)

[1] Papageorgiou et al 62/ 67
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Open loop optimal control

o[ 0 1008600
0
£ soff {-s0 g so
g 100 ' £ 400
R E 60
= -150 h= 300
2 S
2 ol " 2 |
2 -250 E 2
20 - I -300 . < ] 2olt 4100
-350
0 - : - : ‘\' - ' ' =", : : : - - - - -
0 2 4 6 8 10 12 14 16 18 0 2 4 6 8§ 10 12 14 16 18
Offset from start of freeway (miles) Offset from start of freeway (miles)
(d) Density difference profile in units (e) Queue difference profile in units of
of vehicles per mile. vehicles.
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Model predictive control

» Assume noisy state estimation and noisy predicted boundary flow
data.

» About 2% relative error in estimates.
» Every 15 minutes:

» Get state and boundary flow estimates over next 25 minutes.
» Produce policy for next 15 minutes.

» Repeat for entire simulation horizon.
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Model predictive control

100 . . . . : : .
— Adjoint method
— — ~ Alinea
S ost_ i
E
=
3
S 90 i
g
S
-
O
s 85¢f i
O
3]
Q
.S
£y
8 80 -
75 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Computation time (minutes)

Figure: Performance versus simulation time for freeway network. The results
indicate that the algorithm can run with performance better than Alinea if
given an update time around 15 minutes.
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Robustness to noise

Ramp metering

» Adjoint method relies on reasonable input data estimates.

» If data is too noisy (>100% relative error), reactive methods such as

Alinea will outperform.

100

95t

90}

85t

801

5t

Percentage decrease in delay (%)

70t

65
Adjoint without noise Adjoint Alinea No Control

(a) MPC performance on 115 South
network.

640

630F /4*

620
T 610
=
[3]
O .
Z 600t T -
@)

590¢

—*— adjoint
5801 — * — alinea
no control

5700

0.2 04 0.6 0.8 1 1.2 14 1.6 1.8 2
Noise scale ()

(b) MPC performance with increasing
sensor noise.
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Partial control via rerouting
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Modeling partial

compliance

e Use multi-commodity flow model
o Non-compliant drivers:
m one commodity with set split ratios (can vary over
time)
o Compliant drivers:
m Each route is a different commodity

B Garavello, Mauro, and Benedetto Piccoli. Traffic flow on networks. Springfield, MO,
USA: American institute of mathematical sciences, 2006.

e Control parameter
o For each OD pair and each time step
m Assign fraction of flow to each route serving OD.



PDE Network Optimization

problem
min J(z(u)) Set of feasible |
UEU g— compliant driver split
subject to ratios at source of OD

. ~ pairs.
mass conservation constraints

boundary constraints
flow propagation constraints

Junction constraints

T-1
Total travel 5 _ Z Z pi (k) - L;
time k=0 ic A\S



Preliminary results

e Using adjoint method with:
o multicommodity flow model
o Split ratio control with partial compliance
o Noncompliant route choice = UE
o Compliance rate of 30%

)I: > Sink

Sink

Buffer




Preliminary results

Total travel time

)

(S|

14.8

Total travel times

B User Equilibrium

Route choice
B 100% Compliance

30% Compliance



Thank you for listening

Questions?



